Natural numbers are represented by Grzegorczyk functions. The representation is implicit in the technique of H. Friedman [3] . An iterated base-shift in the representation with subtracting 1 yields a sequence, Grzegorczyk sequence. It is shown that the termination of the sequence is independent from the first order arithmetic PA. We follow M. Rathjen [2] in the proof of the independence.
Grzegorczyk representation of natural numbers and Grzegorczyk sequences
Let us represent natural numbers in terms of Grzegorczyk functions F n . The representation is implicit in the technique of H. Friedman [3] . Definition 1.1 1. f (x) denotes the x-th iterate of a unary function f on N, defined by f (0) (y) = y and f (x+1) (y) = f (f (x) (y)).
2. The n-th Grzegorczyk function F n denote the function on integers defined recursively on n as follows. F 0 (x) = x + 1 and F n+1 (x) = F (x)
n (x). Proposition 1.2 1. F n (x) > x for x > 0.
F (y)
n (x) ≥ x.
(x, y) → F (y)
n (x) is strictly increasing both in x > 0 and y.
4. F n+1 (x) > F n (x) for x ≥ 2.
Lemma 1.3
For each primitive recursive function f ( x), there exists an n for which f ( x) ≤ F n (max{ x, 2}) holds for any x = x 1 , . . . , x k . Definition 1.4 Let k 1 ≥ 2. F n denotes the n-th Grzegorczyk function. We define F -representation of natural numbers x with base k 1 by induction on x−k 1 as follows.
First if x < k 1 , then x itself is the F -representation of x with base k 1 . Assume k 1 ≤ x. Let x 1 be the least natural number such that k 1 ≤ x < F x1+1 (k 1 ), and i 1 the maximal number such that F (i1)
We define Grzegorczyk sequences {z k } k of natural numbers z as follows.
be the F -representation of x ≥ k with base k. Then the shift of base k to m in the representation as well as the representations of x i hereditarily in the left is defined recursively by
Since the function (n, x) → F n (x) is provably computable in PA (but not primitive recursive), so is the function (
2 Slowly well-foundedness Definition 2.1 We define integers C(α) for ordinal terms α < ε 0 . C(0) = 0. In the following let α = ω α1 n 1 + · · · + ω α k n k with α 1 > · · · > α k and 0 < n 1 , . . . , n k < ω for k > 0. C(α) = max{C(α ℓ ), n ℓ : 1 ≤ ℓ ≤ k}. C(α) is the maximal coefficient n ℓ in the ordinal term α.
In the F -representation of Definition 1.4, for the case k 1 ≤ x, note that
denote the integers recursively defined as follows. k 1 is the given number, and
Note that the function assigning
is elementary recursive since the ternary relation R = {(n, x, y) ∈ N 3 : F n (x) = y} is elementary recursive. This is seen as follows. By Proposition 1.2.1 we see that (n, x, y) ∈ R iff there exists a matrix A = (a ij ) such that its size is at most n × y, and its entry a ij ≤ max{x, y} is a number F m (y ij ) appearing in the computation of
be the F -representations of x ≥ k 1 and y ≥ k 1 , resp. Then we see the following.
where for the lexicographic order < lx on pairs,
. . , j n ) denotes the sequence of natural numbers j q , which is obtained from the sequence (i 1 , i 2 , . . . , i ℓ ) by filling the gaps with zeros, i.e., j xp = i p and j q = 0 else. Moreover let (m 1 , m 2 , . . . , m n ) be the sequence defined recursively by m 1 = k 1 and m q+1 = F (jq) n−q (m q ). Let y 1 , y 2 be integers such that k 1 ≤ y 1 , y 2 < F n (k 1 ) for n > 0. For simplicity let us write s(x) for s(x; n, k 1 ). We see from Proposition 1.2.1 that for k 1 ≥ 2
where < lx denotes the lexicographic order on n-tuples. Now let us flip over the integers i ℓ . Namely let t s(x) = (m 1 − j 1 , m 2 − j 2 , . . . , m n −j n ) for s(x) = (j 1 , j 2 , . . . , j n ). t s(x) is an n-tuple of positive integers m q − j q ≤ x such that
We obtain a descending chain {g n (k 1 , x)} x<Fn(k1) of ordinals g n (k 1 , x) < ω n+1 for n > 0 as follows. When
for s(x; n, k 1 ) = (j 1 , j 2 , . . . , j n ). When x < k 1 , let g n (k 1 , x) = ω n (k 1 − x). Let us extend g n by letting g n (k 1 , x) = 0 for x ≥ F n (k 1 ), and g 0 (k 1 , x) = (k 1 + 1)−x. Then it is easy to see that for each n there exists a constant c n for which C(g n (k 1 , x)) ≤ max{n, k 1 + 1, x} holds for any k 1 , x.
Lemma 2.2 (H. Friedman[3])
For each unary primitive recursive function f , there exist n, c and a primitive recursive function g : N 2 → ω n such that x < f (k) ⇒ g(k, x + 1) < g(k, x), and C(g(k, x)) ≤ max{c, k + 1, x} for any k, x.
Proof. Pick an n such that f (k) ≤ F n (max{2, k}) by Lemma 1.3. ✷ Theorem 2.3 Let ε 0 > α 0 > α 1 > · · · be a primitive recursive descending chain of ordinal terms α k . We can find a primitive recursive descending chain {γ i } i of ordinal terms such that C(γ i ) ≤ i + 1.
Proof. Consider the primitive recursive functions f C (k) = C(α k+1 ). By Lemma 2.2, let h : N 2 → ω n be a primitive recursive function and c a constant such that
Llet ℓ = max{c, C(α 0 )}. For i ≥ ℓ, let k, x be numbers such that i = C(α 0 ) + · · · + C(α k ) + x and x < C(α k+1 ). Then set
Then the primitive recursive sequence {γ i } i is descending, and C(γ i ) ≤ i + 1. ✷ Corollary 2.4 Over PRA, the 1-consistency RFN Σ1 (PA) of PA is equivalent to the fact that there is no primitive recursive and infinite descending chain {γ i } i of ordinals γ i < ε 0 such that C(γ i ) ≤ i + 1.
Proof. This is seen from the fact that RFN Σ1 (PA) is equivalent to the fact that there is no primitive recursive and infinite descending chain of ordinals< ε 0 . ✷ 3 Proof of Theorem 1.5
From (2) we see that for x, y ≥ k ≥ 2, o k (x) is in Cantor normal form with base ω and
Let
Let us prove Theorem 1.5. First we show the termination of Grzegorczyk sequences {z k } k of z ≥ 2. Suppose ∀k(z k > 0). We have ∀k(z k ≥ 2 + k), for if z k = m < 2 + k, then z k+m = 0. Hence we obtain ∀k(0 < o 2+k (z k ) ∈ D 2+k ).
From (5) we see that ω is the order type of the set
Therefore {o 2+k (z k )} k would be an infinite descending chain of ordinals< ε 0 . Thus we show the fact that each Grzegorczyk sequences {z k } k of z eventually terminates.
Next let us show the independence following M. Rathjen [2] . For the independence of the fact from PA, it suffices to show that the fact implies the 1-consistency of PA over PA. Argue in PA. Suppose that PA is 1-inconsistent. By Corollary 2.4 let {γ k } k be a primitive recursive and infinite descending chain of ordinals
x (k + 2) for i > 0. Hence {γ k } k would be a primitive recursive and infinite descending chain of ordinals< ε 0 such that We define hereditarily Grzegorczyk sequences {w k } k of natural numbers w as follows. w k+1 = w k− 1 if w k < 2 + k. Let w k ≥ 2 + k. 
